The new potential model for pionic hydrogen, constructed with the employment of the two- 
corrections raised by the proton spin and anomalous magnetic moment are added to the electromagnetic energies of the π − p system "by hand", using their values obtained in the quantum electrodynamics [16] . For the self-consistent description of these effects in pionic hydrogen to be possible it is needed to go beyond the one-particle approximation.
Up to now, the various approaches to deriving the relativistic two-body equations describing the fermion-boson systems have been offered [17] [18] [19] [20] [21] . Recently, the extension of the SL(2, C) group to the Sp(4, C) one has been proposed for this purpose, too [22, 23] . However, the last treatment permits us to deal not only with the ordinary Lorentz-scalar and Lorentz-vector potentials but also with the Lorentz-tensor one, being responsible for the interaction with anomalous magnetic moment.
The goal of the present work is to apply the above mentioned approach, based on the extension of the SL(2, C) group, for constructing the model describing pionic hydrogen in the self-consistent manner within the framework of the relativistic twobody equation.
The outline of the Letter is as follows. In Section 2 we briefly consider the relativistic two-body equation based on the extension of the SL(2, C) group and involving the Lorentz-scalar, Lorentz-vector and Lorentz-tensor potentials. In Section 3 the form of the potentials needed for the description of pionic hydrogen is specified. In Section 4 correctness of the corresponding two-body equation of the model is discussed.
Section 5 deals with the electromagnetic binding energies for π − p system. Section 6 is devoted to the extraction of the hadronic scattering lengths from the data on the strong energy level shift and width of pionic hydrogen. Finally, conclusions are given in Section 7.
Throughout the Letter we use the Minkowski metrics g mn = diag(1, −1, −1, −1) and the units in whichh = c = 1.
2 Two-body equation with the extension of the SL(2, C) group
It has been shown [22] that the extension of the SL(2, C) ≡ Sp(2, C) group to the Sp(4, C) one permits us to construct the wave equations for relativistic two-body systems. Keeping in mind the description of pionic hydrogen, we consider the sys-tem composed of a spin-1/2 fermion and a spin-0 boson. The wave function of the system is represented by a Dirac spinor or, in our treatment, by two Sp(4, C) Weyl spinors ϕ andχ. The corresponding two-body wave equation without interaction is a straightforward generalization of the one-particle Dirac equation [23] 
where the Sp(4, C) momentum spin-tensor, P , and its conjugative,P , depend on the four-momenta of the constituent particles of the system through the quantities
The mass parameters, m ± , are related to the masses of the constituents by
whereas I and τ i stand for the unit 2 × 2 matrix and the Pauli matrices, respectively.
The above equation (1) must be supplemented with the subsidiary condition
which guarantees that in the lack of the interaction the particles are on the mass shell, being subjected to the free Dirac and Klein-Gordon equations.
Because the wave equation (1) with the subsidiary condition (4) describes two systems, which differ from each other only in permutation of masses of the particles, we accept, for definiteness, that the Dirac fermion (proton) has the mass m 1 and the Klein-Gordon boson (pion) has the mass m 2 .
As it has been shown [23] , the introduction of the Lorentz-scalar, Lorentz-vector and Lorentz-tensor interaction potentials into the free wave equation (1) yields
Here the spin-tensors P andP are rewritten in terms of the 2×2 matrices σ m = (I, τ ) andσ m = (I, −τ ) with τ = (τ 1 , τ 2 , τ 3 ), the Lorentz-scalar potentials, S + , S − , are involved through the mass substitutions whereas the Lorentz-vector potentials, A m , B m , and Lorentz-tensor ones, C mn , D mn , are involved through the minimal and nonminimal substitutions on the four-momenta, respectively.
Clearly, the obtained wave equation and the subsidiary condition must be compatible, i.e., the operators in their left-hand sides must commute. This can be achieved on assumption that the potentials must depend on the relative coordinate
only through its transverse part
with respect to the total four-momentum w m , which is conserved and so can be treated as the eigenvalue rather than the operator.
Furthermore, the subsidiary condition (4) should be subject to the above substitutions on the masses and four-momenta, which should not change its form. All these result in the following restrictions on the shape of the potentials
where
Once these conditions have been satisfied, the wave equation (5) supplemented with the subsidiary condition (4) provides a quantum description of the two-body problem, incorporating several important properties [23] . So, it is manifestly covariant, has correct one-particle limits and allows us to treat, in addition to the standard Lorentzscalar and Lorentz-vector potentials, also the interaction described by the Lorentztensor potentials.
Specific form of potentials for pionic hydrogen
Now let us specify the explicit form of the potentials needed for the description of pionic hydrogen. The restrictions on this form are as follows. Firstly, these potentials must obey the compatibility conditions (7) . Secondly, the electromagnetic interaction between the proton and the pion should be described properly. This implies that the wave equation (5), being transformed into the semirelativistic Schrödinger-like form, should produce such relativistic kinetic energy, spin-orbit and Darwin terms which are consistent with the "improved Coulomb potential" of the quantum electrodynamics [16] . Thirdly, when the proton is assumed to be much heavier than the meson, Eq. (5) must be approximated by the Klein-Gordon equation with the ordinary scalar and vector potentials.
The Lorentz-vector potentials A m and B m satisfying the above restrictions can be chosen in the form
with F being a scalar function.
For the description of the electromagnetic interaction in pionic hydrogen to be correct, we accept the parametrization of F which follows the structure of the potential derived by summing the contributions of the relevant diagrams in the quantum
where E = 2 √ w 2 denotes the total energy and
For the Lorentz-scalar potentials S + and S − , the simplest solution to the compatibility conditions (7) is given by
is the relativistic reduced mass, also referred to as the Todorov variable [24] , and
) is the scalar function, which goes over to the scalar potential of the Klein-Gordon equation in the limit when the proton is much heavier than the meson.
It should be added that the Lorentz-vector potentials can be chosen in either the electromagnetic-like form (8) or the time-like one. In the last case our Eq. (5) Notice that all different momentum-independent forms of the Lorentz-scalar potentials, obeying the compatibility conditions, can be brought to the form (10) with the quantity S thought to be energy dependent. But for our purposes this energy dependence may be neglected because the binding energy of mesic hydrogen is small compared to the proton and meson masses.
In the following, only the manifestly covariant expressions (8) and (10) for the Lorentz-vector and Lorentz-scalar potentials will be used.
Concerning the Lorentz-tensor potentials C mn and D mn , in order to satisfy the compatibility conditions (7), we must put C mn = 0. Due to the matrix contents of Eq. (5), the remaining potential D mn allows us to describe the interaction with the anomalous magnetic moment in the same form as the non-minimal coupling term introduced by Pauli [25] in the one-particle Dirac equation. By analogy with the Pauli term, we set
where k 1 and m 1 denote the anomalous magnetic moment and the mass of the fermion (for the proton, k 1 = 1.793).
The two-body equation in the center-of-mass frame
Although the wave equation (5) is relativistically invariant, it is convenient, for practical purposes, to pass to the center-of-mass frame. In this case we have w ≡
2 )/(2E). Then Eqs. (4) and (5) are reduced to the Dirac-like form
where φ = F −1/2 (1+τ 1 ⊗I)(χ+ϕ) and ψ = F −1/2 (1+τ 1 ⊗I)(χ−ϕ) are the components of the Dirac bispinor,
2 )/(2E), m 1 is the mass of the fermion and m 2 is the mass of the boson.
Notice In the first case, it is supposed that the proton or, more likely, spin-1/2 nucleus is much heavier than the pion, m 1 /m 2 ≫ 1. Then it is convenient to pass from the total energy E to the energy variable by Todorov [24] :
which together with the relativistic reduced mass m w corresponds to the relative motion satisfying, in the lack of interaction, the effective one-body Einstein equation,
Expanding all terms of Eq. (13) in powers of 1/m 1 , eliminating the "small" component, ψ, in favor of the "large" one, φ, and using the identity (
w , Eq. (13) is reduced to the Klein-Gordon-like equation
that holds in the order of 1/m 1 .
The left-hand side of this equation is the usual Klein-Gordon equation with the scalar and vector potentials, S and A, in which the Todorov variables m w and ǫ w appear instead of the reduced mass and energy, whereas the right-hand side does indeed contain the three corrections, raised by the heavy spin-1/2 particle, which describe the interference between the scalar and vector potentials, the Darwin term and the spin-orbit interaction, respectively.
The second limiting case is the semirelativistic approximation which is better suited for discussing the lowest-order relativistic corrections for pionic hydrogen. Now it is supposed that the meson mass is of the same order as the proton mass, but the binding energy, ǫ = E − m 1 − m 2 , is much smaller than these masses, ǫ/m 1,2 ≪ 1.
Since the magnitudes of the potentials must also be small as compared to m 1,2 , only the electrostatic potential, and not the strong interaction one, can be treated in this way.
Then, in the lack of the Lorentz-scalar (strong) interaction, after performing the expansion in powers of 1/m 1,2 , Eq. (13) is transformed into
Putting A as the point Coulomb potential, we obtain just the same relativistic kinetic energy, spin-orbit and Darwin terms as those derived with the 'improved Coulomb potential' in the quantum electrodynamics [16] .
Thus, we may conclude that the proposed relativistic two-body equation (13) with the electromagnetic interaction introduced through the Lorentz-vector and Lorentztensor potentials, (8) and (12), correctly describes the relativistic corrections for pionic hydrogen.
Electromagnetic energies
For evaluating the stationary electromagnetic binding energies of pionic hydrogen, we use the derived equation (13) without the strong interaction. As it has been shown, the electromagnetic interaction is introduced with the Lorentz-vector and Lorentztensor potentials. According to Eqs. (8) and (12), these potentials are determined by the single potential A, which we represent as the sum of three parts
Here A pc = −α/r is the point Coulomb potential, α = 1/137.036;
is the addition caused by the finite extension of the Gaussian charge distributions with r 2 p and r 2 π being the r.m.s. charge radii of the proton and pion;
is the Uehling potential, commonly used for describing the vacuum polarization at O(α 2 ) in hadronic atoms, which is smeared at short distances due to the finite extension of the charge distributions (m e is the electron mass). to the pionic hydrogen binding energy in eV.
Numbers in brackets are the uncertainties due to uncertainties in the proton and pion charge radii.
This work Ref. [13] Ref. [9] Ref. [21] Finite size effect 0. Eqs. (13) with these potentials were solved numerically with the shooting method.
For the pion charge radius, the value r 2 π = 0.663(6) fm deduced from the πe scattering experiments [27] was used. The proton charge radius, r 2 p = 0.8750(68) fm, and the masses of particles were taken from the PDG tables [28] . Using these values, the electromagnetic binding energy of the 1s state in pionic hydrogen is found to be ǫ 1s = −3238.252 eV with an uncertainty of 0.002 eV due to the uncertainties in the proton and pion charge radii.
In order to compare our result with those reported in literature, it is convenient to consider the difference between the electromagnetic binding energies obtained within the framework of our two-body description and the Klein-Gordon equation, which proved to be ∆ǫ e.m. 1s = −3.092 eV. In fact, ∆ǫ e.m.
1s is the sum of the corrections due to the three different effects, namely, the vacuum polarization effect, the finite size effect and the effect of the relativistic recoil, the proton spin and the anomalous magnetic moment.
In Table 1 , we compare the corrections to the electromagnetic binding energy of pionic hydrogen obtained with the present approach and with the other methods [9, 13, 21] .
It should be stressed that in Ref. [13] the finite size correction was evaluated within the Klein-Gordon equation by employing the Gaussian charge distribution, whereas the correction due to the relativistic recoil, the proton spin and the anomalous magnetic moment evaluated for the point Coulomb potential [16] has been added "by hand". In Ref. [9] , the electromagnetic corrections were calculated within the framework of the chiral perturbation theory using the same input data as in Ref. [13] .
Notice that nearly all the difference between our result and the results of these two approaches comes from the values of the r.m.s. proton and pion charge radii. In Ref. [21] , the finite size effect and the relativistic correction were taken into account by employing the Breit-type equation. In contrast to Refs. [9, 16] as well as to our conclusion, the contribution of the proton anomalous magnetic moment in Ref. [21] is found to be negligible that slightly reduces the total relativistic correction, as seen from Table 1 . This suppression seems to be caused by the sharp decrease of the hadron form factors, used in Ref. [21] , at small r (or at large momentum transfer), whereas the anomalous magnetic moment reveals itself only in this region.
Thus, we may conclude that the calculated corrections to the electromagnetic binding energy of pionic hydrogen are in good agreement with those quoted in literature.
However, it should be stressed that, in contrast to the other approaches, the proposed relativistic two-body equation allows us to evaluate the finite size effect and the effect of the relativistic recoil, the proton spin and anomalous magnetic moment in the self-consistent way without resorting to the semirelativistic expansions in powers of 1/c 2 . We anticipate that for heavier mesic atoms the developed approach may give the more distinguished values of the finite size corrections as compared to the other approaches, because the charge radii of the nuclei are larger.
Pion-nucleon scattering lengths
Now we are going to incorporate the strong interaction potential into the consideration and to calculate the pion-nucleon scattering lengths, using the existing experimental data on the strong energy-level shift and width of pionic hydrogen.
The extraction of the pion-nucleon scattering lengths will be done in the isospinsymmetrical single-channel approximation when the electromagnetic interaction is completely switched off and, by convention, the masses of the pions and nucleons are taken equal to the physical masses of the charged pion and proton, respectively.
The detailed discussion of the influence of the isospin-breaking effects on the mesonnucleon scattering parameters can be found in Refs. [10, 14] .
Our relativistic model of pionic hydrogen utilizes the following potentials
where it is assumed that the (optical) strong interaction potential U str is the Lorentzscalar and has the square-well form
For fitting the position and width of the quasistationary energy level of the 1s state in pionic hydrogen, Eqs. (13) were solved numerically with varying the complex value of the strong interaction potential strength, U 0 . Under realization of this procedure, the most recent experimental data by the PSI collaboration, ǫ str 1s = −7.120 ± 0.008 (stat) ±0.006 (syst) eV and Γ 1s = 0.823 ± 0.018 eV [3] , which are consistent with, but more precise than, the earlier ones [2] , have been used. For adapting the experimental data to our single-channel approximation, the strong decay channel (π − p → π 0 n) was separated out with the replacement of the total decay width, Γ 1s , by the partial width, Γ π 0 n 1s = Γ 1s /(1 + P −1 ) where P = 1.546 (9) is the Panofsky ratio [29] .
After the potential strength, U 0 , had been adjusted, the electromagnetic interaction was switched off and the radial equations were solved once again to produce the pion-nucleon scattering length [13] . The whole procedure was repeated with varying the parameter r 0 between 0.5 fm and 1.5 fm.
The calculations with the exponential and Gaussian potentials instead of the square-well potential did not changed the values of a h , as it is expected for the effective-range theory.
The final results for the pion-nucleon scattering lengths in our models is
It is to be pointed that the error in a π − p arises mainly from the vague value of r 0 (0.5 fm ≤ r 0 ≤ 1.5 fm) and is reduced to 0.0002m
π if the value r 0 = 1.0 fm is fixed, whereas almost all the error in a π 0 n comes from the experimental uncertainty in Γ 1s .
Conclusion
The main object of the present work was to construct the new potential model for describing pionic hydrogen within the framework of the relativistic two-body equation incorporating in the self-consistent manner the effects of the proton spin and anomalous magnetic moment.
With using the proposed model, the electromagnetic binding energy of pionic hydrogen has been evaluated without resorting to the semirelativistic expansions in powers of 1/c 2 . This enabled us to treat non-perturbatively the finite extension of the charge distributions of the proton and meson. We have found that in the presence of the Gaussian charge distributions the corrections to the binding energy due to the relativistic recoil, the proton spin and the anomalous magnetic moment almost coincides with those obtained for the point Coulomb potential [13, 16] . This is in contrast to Ref. [21] , in which the contribution of the anomalous magnetic moment has proved to be negligible. π , calculated using the non-relativistic scattering theory [7] . The agreement would be even better if we used, as in Refs. [7, 14] , the earlier value for the pionic hydrogen width [2] which is substantially larger than the latest one [3] .
It is expected that the relativistic effects will be more profound for kaonic hydrogen because its properties are strongly influenced by the existence of the Λ(1405) resonance.
